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Abstract 

_ We find solutions of type IIA supergravity which are dual to three-dimensional Chern- 

D ■ Simons-matter theories with unquenched fields in the fundamental representation of the 



in 



gauge group (flavors). In the holographic dual the addition of flavor is performed by means 
of D6-branes that are extended along the Minkowski gauge theory directions and are delo- 
>■ , calized in the internal space in such a way that the system is A/" = 1 supersymmetric and the 
flavor group is abelian. For massless flavors the corresponding geometry has the form of a 
O ! product space AdS^ x M.^^ where A^g is a six- dimensional compact manifold whose metric is 
^ \ obtained by squashing the Fubini-Study metric of CP^ with suitable constant factors which 
^ \ depend on the number of flavors. We compute the effect of dynamical quarks in several 
observables and, in some cases, we compare our results with the ones corresponding to the 
A/" = 3 supergravity solutions generated by localized flavor branes. We also show how to 
generalize our results to include massive flavors. 
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1 Introduction 



The recent results on the AdS^/CFT^ correspondence constitute a rich framework in which 
fundamental questions about the holographic correspondence pLj can be posed and, in some 
cases, highly non-trivial answers can be obtained. The crucial breakthrough in this subject 
took place with the results of Bagger and Lambert [2] and Gustavsson [3], who proposed 
that the low energy theory on multiple M2-branes is given by a new class of maximally 
supersymmetric Chern-Simons-matter theories. Inspired by these results, Aharony et al. 
(ABJM) [1] constructed an A/" = 6 supersymmetric Chern-Simons-matter theory which is 
now believed to describe the dynamics of multiple M2-branes at a C^/Z^ singularity. 

The ABJM theory is a U{N) x U{N) Chern-Simons gauge theory with levels {k, —k) 
and bifundamental matter fields. In the large N limit this theory admits a supergravity 
description in M-theory in terms of the AdS^ x S'^/Z^ geometry. If we represent §^ as a 
f/(l) Hopf bundle over CP'^, the orbifold acts by quotienting the §^ fiber. When the 
Chern-Simons level k is large the size of the fiber is small and the system is better described 
in terms of type IIA supergravity by performing a dimensional reduction to ten dimensions 
along the Hopf fiber of S^/Zfc. In this ten-dimensional description the geometry is of the 
form AdS^ x CP^ with fluxes and preserves 24 supersymmetries. 

The precise knowledge of the field theory dual to a system of multiple M2-branes on C'^/Z^ 
has allowed to test some of the non-trivial predictions of the AdS/CFT correspondence. In 
particular, in [5| it was checked by means of a purely field theoretic calculation, using matrix 
model techniques and localization, that the number of low energy degrees of freedom of N 
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coincident M2-branes scales as N2 for large A^, as predicted by the gravity dual (see also 
[6]). Moreover, the ABJM model has been generalized in several directions. By adding 
fractional M2-branes, the gravity dual of U{M) x U{N) Chern-Simons-matter theories with 
M N was constructed in [7] . If the sum of Chern-Simons levels for the two gauge groups 
is non-zero, the corresponding gravity dual can be found in massive type IIA supergravity by 
considering solutions in which the Romans mass parameter is non- vanishing [8] (see also [9] ) . 
The ABJM construction has been extended to include different quivers and gauge groups 
with several amount of supersymmetry in refs. [T0]-|15]. 

In this paper we will study the generalization of the ABJM model which is obtained by 
adding flavors, i.e. fields transforming in the fundamental representations {N, 1) and (1, A^) 
of the U (N) X U (N) gauge group. The holographic dual of such a system was proposed 
in refs. [161 113 • type IIA description the addition of massless flavor is achieved by 

considering D6-branes that fill the AdS^ space and wrap an MP^ submanifold inside the 
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CP'^, while preserving Af = 3 supersymmetry (see also [I8]-[2T] for different setups with 
D6-branes in Chern-Simons- matter theories). When the number of flavors is small one can 
study the system in the quenched approximation, in which the D6-branes are considered as 
probes in the AdS^ x CP^ background. This quenched approach has been adopted in refs. 
[22]- [21], where different observables of the Chern-Simons-matter theory with flavor have 
been analyzed. 

In the present article we will study the holographic dual of the ABJM theory with un- 
quenched flavor. For a system of localized and coincident D6-branes, the corresponding 
gravity dual in M-theory is a purely geometric background which, in the near horizon limit, 
is a space of the type AdS^ x Aij, where Ai-r is a tri-Sasakian seven- dimensional manifold 
whose cone is an eight-dimensional hyperkahler manifold [25]. Notice that the backreacted 
metric always has an Anti-de-Sitter factor. This is related to the fact that the dual Chern- 
Simons theory remains conformally invariant after the addition of flavor (see ref. [26] for a 
perturbative calculation of the beta functions and a study of the corresponding fixed points). 
However, the tri-Sasakian metric of Aif has, in general, a complicated structure which makes 
difficult to use it for many purposes. For this reason, in this paper we study the backreaction 
induced by a smeared continuous distribution of a large number Nf of flavor branes. This 
approach was initiated in [27] in the context of non-critical strings and has been successfully 
applied to study unquenched flavor in several other setups (see |28] for an extensive review 
and references to the original works). 

In order to obtain the gravity dual of a fleld theory with unquenched flavor one has to 
solve the equations of motion of supergravity with brane sources. These sources typically 
modify the Bianchi identities of the forms and, as they contribute to the energy-momentum 
tensor of the system, they also modify the Einstein equations. If the flavor branes are 
localized the sources contain Dirac (5-functions and, as a consequence, solving the equations 
of motion is, in general, a difficult task. On the contrary, if the sources are delocalized there 
are no (5-function terms in the equations of motion and flnding explicit analytic solutions is 
much simpler. Notice that when the branes are smeared, they are not coincident anymore 
and, therefore, the flavor symmetry for Nf flavors is f/(l)^-f rather than U{Nf). Moreover, 
the solutions with smeared unquenched flavor are generically less supersymmetric than the 
ones with localized flavor, due to the fact that we are superposing branes with different 
orientations in the internal space. Indeed, in our flavored ABJM case the solutions will be 
^^ = 1 SUSY instead of being ^^ = 3. 

The backreaction of the flavor branes induces a deformation of the unquenched solution 
which, in particular, results in a suitable squashing of the metric. In order to determine 
precisely this flavor deformation one has to write the metric in a way such that it can be 
squashed without breaking all supersymmetry. We will argue below that for the ABJM case 
in the type IIA description the convenient way of writing the CP'^ metric is as S^-bundle 
over S^. After representing the CP'^ metric in this way, the flavor deformation just amounts 
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to squashing the §^ fiber with respect to the base, as well as to changing the radii of both 
74^5*4 and CP^ factors of the metric (similar squashed deformations of CP^ were considered 
recently in [291 EOl US]). In our solutions, the squashing factors are constants which have 
a precise dependence on the number of fiavors Nf and encode the effects due to loops of 
fundamentals. Indeed, we will be able to determine the effects due to dynamical fiavors in 
several observables such as, among others, the free energy on the sphere, the quark-antiquark 
potential energy or the dimension of meson operators. 

The organization of the rest of this paper is the following. In section |2] we review the 
ABJM Ac? 5*4 X CP'^ solution and we rewrite it in terms of the §^ fibration over S'^. In 
section [3] we study the deformations of the ABJM unfiavored background with Af = 1 
supersymmetry which preserve the S^-bundle structure. The corresponding supergravity 
solutions are obtained by solving a system of first-order BPS equations which we partially 
integrate in general. In particular we find two Anti-de-Sitter solutions which correspond to 
the original unfiavored ABJM model and to the squashed A/" = 1 model of reference [15]. In 
section [3] we also find running solutions which approach the ABJM background in the IR. 

In section H] we study the supersymmetric embeddings of fiavor D6-brane probes in the 
deformed geometries. The backreaction for branes corresponding to massless quarks is ana- 
lyzed in section [5], where an ansatz for the background deformed by the massless fundamental 
fields is proposed and a set of first-order BPS equations is obtained. Section [6] is devoted 
to studying the solutions of the fiavored BPS system that are Anti-de-Sitter. In section [7] 
we analyze the effect of the unquenched flavor in several observables. In section [8] we study 
the backreaction of unquenched massive flavors. Finally, in section [9] we summarize our 
results and discuss some directions for future work. The article is completed with several 
appendices, where some detailed calculations not included in the main text are performed 
and some other aspects of our work are explored. 



2 The ABJM solution 

The metric of the ABJM background is given by: 

rfs^ = L^d^,^^ + 4L2rf4p3 , (2.1) 

where ds\^g^ and (is^ps are respectively the AdS^ and CP'^ metrics. The former, in Poincare 
coordinates, is given by: 

dsAds, = r^dxl^ + ^ , (2.2) 

with dxl2 being the Minkowski metric in 2+1 dimensions. This solution depends on two 
integers N and k which represent, in the gauge theory dual, the rank of the gauge groups 
and the Chern-Simons level, respectively. In string units, the 74^5*4 radius L can be written 
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in terms of and k as: 

= 2n'^ . (2.3) 
k 

Moreover, for this background the dilaton is constant and given by: 



k " \ k^ 

This solution of type IIA supergravity is also endowed with a RR two-form F2 and a RR 
four-form F4 whose expression can be written as: 

F2 = 2kJ , F4 = -kL^QAds, = {kNy^QAds, , (2.5) 



with J being the Kahler form of CP and ^^^54 is the volume element of the AdS^ metric 
(12. 2p . This solution is a good gravity dual of the Cher n- Simons- matter theory when the AdS 
radius is large in string units and the string coupling e*^ is small. By looking at eqs. (12.31) 
and (12.41) this amounts to the condition N'^ << k << N. 

The CP^ metric in (12. ip is the canonical Fubini-Study metric. In the context of the ABJM 
solution the CP^ space is usually represented as foliated by the T^'^ ~ x manifold. 
Here we will write the CP^ metric in a form which is more convenient for our purposes. We 
will regard CP^ as an §^-bundle over S"^, with the fibration constructed by using the self-dual 
SU{2) instanton on the four-sphere. Explicitly, dsi^-^^ will be written as: 



ds' - ^ 

05 ([-.p3 — ^ 



dsl, + {dx' + e'^^A^x^Y , (2.6) 



where ds^4, is the standard metric for the unit four-sphere, {i = 1, 2, 3) are cartesian co- 
ordinates that parametrize the unit two-sphere = 1) ^ ^.re the components 
of the non-abelian one-form connection corresponding to the SU{2) instanton. Mathemati- 
cally, the representation (12. 6p is obtained when CP^ is constructed as the twistor space of the 
four-sphere. We shall now introduce a specific system of coordinates to represent the metric 
(12. 6p . First of all, let {i = 1,2,3) be the SU{2) left-invariant one-forms which satisfy 



duj^ = 2 €ijk w-' A w (for an explicit representation of the w^'s in terms of angular coordinates, 
see (14. ip ). Together with a new coordinate ^, the w^'s can be used to parameterize the metric 
of a four-sphere §^ as: 



ds^4 



:i + e 



2^2 



2 



de + 1 {{u^r + (u^r + (u^r) 



(2.7) 



where < ^ < -|-oo is a non-compact coordinate. The SU{2) instanton one-forms A^ can be 
written in these coordinates as: 

A^ = . (2.8) 
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Let us next parametrize the coordinates of the by means of two angles 9 and (0 < 
< TT, < (y9 < 27r), namely: 

= sin 6' cos(f , x'^ = sin 6' sin^? , x^ = cosO . (2.9) 

Then, one can easily prove that: 

{dx' + e'^'^A^x^y = {E^ + {E^f , (2.10) 

where E^ and E"^ are the following one-forms: 

E^ = d6 -\ (sin ipu^ — cos ip u'^) , 

1 + 4"' 

E'^ = sin 9 [ dip u"^ ] H cos 9 (cos + sin ip u"^) . (2.11) 

V 1 + 4^ y 1 + 4^ 



Therefore, the canonical Fubini-Study metric of CP can be written in terms of the one-forms 
defined above as: 



ds' - ^ 



dsi, + {Ey + {E'Y . (2.12) 



As a check, one can verify that the volume of CP'^ obtained from the above metric is vr^/ 6. We 
shall now consider a rotated version of the forms by the two angles 9 and ip. Accordingly, 
we define three new one-forms S** (i = 1, 2, 3) as: 



.2 



S'^ = siny^o;"^ — cosfyjo;^ 
S'^ = sin 9u!^ — cos 9 (cos (pu-^ + sin ip cj^) , 

= — cos 9co^ — sin 9 (cos ipu^ + sin ip o;^) . (2-13) 

In terms of the forms defined in (12.131) the line element of the four-sphere is just obtained 
by substituting — 5** in (12. 7p . Let us next define the one-forms and 5* as: 

5^ = Y^rfe, S' = ^^S\ {^ = 1,2,3), (2.14) 

in terms of which the metric of the four-sphere is just ds'^4 = [S^Y + The RR 

two-form F2 can be written in terms of the one-forms defined in (12. lip and (I2.14p as: 

F, = '^(^EUE^ - {S^AS' + S'aS^)) . (2.15) 



6 



Notice that F2 is a closed two-form due to the relation: 



= E^A (5« A 52 - 51 A S^) + E^ A (5« A 5^ + 52 A S^) . (2.16) 

Notice that there is a non-trivial CP^ = §^ in the geometry, which in our coordinates is 
parametrized by the angles 6 and at a fixed point in the base S^. As one can readily verify 
by a simple calculation from f l2.15p . the fiux of the RR two- form F2 through this CP^ is given 
by: 




(2.17) 



Eq. (I2.17P is essential to understand the meaning of k as the Chern-Simons level of the 
gauge theory. Indeed, let us consider a fractional D2-brane, i.e. a D4-brane wrapping a CP^ 
two-cycle and extended along the Minkowski directions. For such a brane there is a coupling 
to the worldvolume gauge field A of the type J^^^ AdA J^p^ F2 which, taking into account 
f l2.17p . clearly induces a Chern-Simons coupling for the gauge field A with level k. 

Some basic facts of the geometry of the ABJM solution in our coordinates are compiled 
in appendix El In particular, it is shown how the uplifted solution in M-theory corresponds 
to the space AdS^ x S''/Zfc, where the is realized as an S^-bundle over S^. Also, the 
non-trivial cycles of CP^ are displayed. 



3 Deforming the ABJM background 

We will now analyze the generalization of the ABJM background obtained by performing a 
certain deformation of the metric which preserves some amount of supersymmetry. Specifi- 
cally, we shall consider a ten-dimensional string frame metric of the form: 

ds^o = dx\2 + ds^ , (3.1) 

where his a, warp factor and ds^ is a seven-dimensional metric containing an fibered over 
an S"^ in the same way as in CP'^, namely: 

ds^, = dr^ + e^Usl + e^<^[{E'y + [E^] , (3.2) 

with h, f and g being functions of the radial variable r. Notice that / and g determine the 
sizes of the and of the internal CP^ manifold. If f ^ g we will say that the CP^ is 
squashed. We will verify below that this squashing is compatible with supersymmetry when 
the functions of the ansatz satisfy certain first-order BPS equations. 
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The type IIA supergravity solutions we are looking for are endowed with a RR two-form 
F2, for which we will adopt the same ansatz as in f l2.15p . In addition, as it is always the case 
for the solutions associated to D2-branes, there is a RR four-form F4 given by: 

F4 = K{r) d^x A dr , (3.3) 

where K{r) is a function of the radial coordinate r. Moreover, we will assume that the 
dilaton depends only on r. 

Notice that the Bianchi identities dF2 = dF^ = are automatically satisfied. Moreover, 
the Hodge dual of F4 is equal to: 

*Fi = -K Vol(§^) AE^ AE\ (3.4) 

and, thus, the equation of motion of the four- form F4 (namely d* F4 = 0), leads to: 

^/^2g4/+29 _ constant = /3 , (3.5) 

where the constant /3 should be determined from a quantization condition. Thus, it follows 
that K{r) can be written in terms of the other functions of the ansatz, namely: 

K = /3h-^e-^f-^' . (3.6) 

Notice that F4 is subjected to the following flux quantization condition: 

[ *F, = ±NTn, , (3.7) 

where Mg is the six-dimensional angular manifold enclosing the D2-brane. Using our ansatz 
this quantization condition is converted into: 

I *F, = --i- / Kh-'e'S+'^Yoli^') AVol(§2) = - , (3.8) 



where Vol(S") denotes the volume form of a unit n-sphere and we are using string units. 
Therefore, the coefficient /3 should be related to the number of D2-branes as: 

P = ^tt'^N . (3.9) 

and the function K is related to the other functions in the ansatz as: 

K = ?,Ti^ N h-^ e-^f-^" . (3.10) 

We will determine the functions entering our ansatz by requiring that our background 
preserves (at least) two supersymmetries. As shown in detail in appendix[Bl this requirement 
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is fulfilled if the dilaton 0, the warp factor h and the functions / and g satisfy the following 
system of first-order BPS equations: 

0' = _^e<^/,-i(e-29_2e-2n - - K h'^ , 
^ 8 ^ ^ 4 ' 

h' = |e^/ii(e-25 - 2e-2^) - e'l' K hi , 



^e't'h-^e-^f + e-^ - e'^^+s . (3.11) 

In the first two equations of the system (13.111) the function K should be understood as given 
by (I3.10p . This BPS system is obtained after imposing the following projections on the 
Killing spinors: 

e = Fse e = Fgg e , 
roi2e = -e , 

r3458 e = -e, (3.12) 

where the Ta^...a,^ denote antisymmetrized products of fiat Dirac matrices in the basis of 
one- forms written in ( IB. 21) . 

The BPS system (13. lip can be rewritten in a compact fashion in terms of two calibration 
forms. In order to recast (13. lip in this way, let us next define the calibration seven-form K, 
as: 

/C = i/C,„...,, e'^--'^^ , (3.13) 

where the components ICao ■ as ^ire the fermionic bilinears: 

/Cao-ae = 63 h'i e^Vao...a^e , (3.14) 

with e being a Killing spinor of the background and the prefactor in (I3.14p is included to 
account for the proper normalization of e (see (1B.22P ). By using the projections satisfied by 
e, one can verify that K, is given by: 

K, = -e°12 ^ (g3458 _ g3469 ^ ^3579 ^ ^3678 ^ ^4567 ^ ^4789 ^ ^5689 ) _ (g^^g) 

In a background generated by D2-branes, it is natural to have also a calibration three-form. 
Accordingly, we also define the three-form /C, as: 

^ ^ ai 02 6 ) ai a2 /i ^ 6^ ^ ai a2 ^ • (3.16) 



Using again the projections satisfied by the spinor e, one can show that: 

iC = e°^2 . (3.17) 
One can now verify that the BPS equations (13. lip can be compactly recast as: 
*F2 = -d(^e-'^/c) , ci (e-^/i-5*/c) = , = -d{e-'^ t) . (3.18) 

3.1 Partial integration 

Let us now carry out some simple manipulations of the BPS system (13. lip , which will allow 
us to perform a partial integration. First of all, let us define the function A as follows: 

e^ = e^h--^. (3.19) 

Clearly, from this definition one has: 

A' = 0' - ^ . (3.20) 

Moreover, it is easy to prove that A, / and g close the following system of first-order differ- 
ential equations: 

2 

g' =■- e^-^^ + e-^ - e'^^^^ . (3.21) 

Notice that the function K has disappeared from the system f l3.2ip and that and h only 
appear through the combination A. Actually, by combining the first two equations in (13.1 ip 
one proves that K can be written as: 

A- ^l(e- /,-»). (3.22) 

The warp factor h and the dilaton can be obtained from the solution of the system 
(I3.2ip . Indeed, by using again the first two equations in (13. lip together with (13.61) , one 
arrives at: 

h' + -h(t)' = -An^Ne^-^^-^' , (3.23) 
3 

where we have used the definition (13.190 . Eliminating 0' between (I3.20p and (I3.23p . we get: 

h' + hA' = -371^ N . (3.24) 



= k 




2/ 


k 




-2/ 


~ 4 






k 






~ 2 
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Eq. fl3.24p is a first-order differential equation for h that can be solved by the method of 
variation of constants. The result is: 

hir) = e-^(^') \a - Svr^iV /" e2^(^)-^^W-25(-) dz] , (3.25) 



where a is a constant of integration that should be adjusted appropriately. We have not 
been able to integrate the BPS system (13.211) in general. However, we have found some 
important particular solutions which we will discuss in the next two subsections and in 
appendix O In some of these solutions the supersymmetry is enhanced with respect to the 
two supersymmetries preserved by the generic solution of (13.211) . 

3.2 Anti-de-Sitter solutions 

We will be mostly interested in backgrounds with the Anti-de-Sitter geometry and in their 
corresponding deformations. In order to find these solutions systematically, let us now 
introduce a new radial variable r, related to r as follows: 

If the dot denotes derivative with respect to r, the system of equations (I3.2ip reduces to: 

A = ke'^-f - ^ 
2 

g = - e^-/ + e^-^' - e-^+^ . (3.27) 
Let us next define the following combination of functions: 

S^A-/, A=f-g. (3.28) 

Notice that A measures the squashing of the and internal directions. Actually, the 
right-hand-side of the equations in fl3.27p depends only on S and A and it is straightforward 
to find the following system of two equations involving S and A: 

S = ^e^(3-e^^)-e-^ 

A = --e^ fl + e^^) - +2e-^ . (3.29) 
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One can take S, A and (say) g as independent functions. In fact, g can be obtained by 
simple integration once S and A are known, due to the equation: 

g = ^e^ + - e-^ . (3.30) 

We have thus reduced the full BPS system to a set of two coupled differential equations 
for the functions S and A. 

We will now obtain some particular solutions of f l3.30p in which the squashing factor A is 
constant, as expected for an AdS background. It follows from the second equation in fl3.29p 
that, in this case, S must be also constant. Actually, we can eliminate S from the equations 
S = A = and get a simple algebraic equation for A. In order to express this equation in 
simple terms, let us define the quantity q as: 

q = e^^ = e2/-23 . (3.31) 

Then, S = A = implies the following quadratic equation for q: 

- 6g + 5 = , (3.32) 

which has two solutions, namely: 

g = 1 , g = 5 . (3.33) 

Notice that g = 1 corresponds to the A/" = 6 ABJM background, while g = 5 should 
correspond to a background of reduced SUSY of the form ^4^5*4 x CP^, with CP^ being 
a squashed version of CP^. This AdS 4 x CP^ background was proposed in ref. [15] to 
be the gravity dual of an A/" = 1 superconformal Chern-Simons-matter gauge theory with 
5*^(2) X U{1) = 5*0(5) X f/(l) global symmetry. We will describe this solution and some 
generalizations in appendix O In the remaining of this subsection we will concentrate in 
showing how the ABJM background reviewed in section [2] is obtained in this formalism from 
the g = 1 solution. First of all, we notice that when g = e^^ = 1, the system ( ]3.29p leads to 
the following solution for S: 

= ^ . (3.34) 

k 

Using these values of S and A in fl3.30p one readily gets that f = g = t and, by using fl3.26p 
one shows that the radial variables r and r are related as r = e^. Therefore, in the original 
variable r, one has: 

ef = e9 = r . (3.35) 

Taking into account that the function A defined in (I3.19P is A = E + A + (7, we get that 
gA _ 2r/k and we can obtain h, (p and K from eqs. fl3.25p . f l3.19p and f l3.22p respectively. 
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The dilaton obtained in this way is constant and is just the one written in (12 ■4p . while h and 
K are given by: 

/.-^l K-^r- (336) 



By rescahng the Minkowski coordinates as — )■ with A = tt y ^, one can verify that, 
indeed, the metric and RR four-form for this solution coincide with the ones in (12.11) and 



3.3 Running solutions 



We will now solve the BPS system (13.211) in a power series expansion in the radial coordinate 
r. The aim is to find new solutions that approach the ^^5*4 x CP^ background in the IR 
limit r — 7- 0. We begin by rewriting the system (I3.2ip in a more convenient form. Let us 
define the new function F as: 

F = ^ . (3.37) 



Then, one can recast (I3.2ip as: 



F' 



-29 



/V 



F 
"2 



e-/ _ ^f-29 



+ e- 



9-f 



[e^y = Fe^-^f + 1 - e'^-^f 



(3.38) 



The Af = 6 ABJM solution (without squashing ) can be simply written as F = = = r. 
We will now solve (I3.38P in a series expansion in powers of r around this solution. We will 
look for a solution in which F, and take the form: 

F = r [l+ai r +02 + ■ ■ ■ ] , = r [l+6i r +62 + ■ ■ ■ ] , = r [l+ci r +C2 + ■ ■ ■ ] . 

(3.39) 

By substituting this ansatz on the system (I3.38P and solving for the different powers of r up 
to third order, one can find the following solution: 



F = r[l + 3cr + 8cV^ + 20c' 



,3^3 



L 2 8 16 J 



•[1 + cr + 2c^r^ + 4c^r^ + ■ ■ ■ ] 



(3.40) 
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where c is an arbitrary constant (if c = we come back to the AdS^ x CP'^ solution). 
Plugging the expansions (13 .40^ into the right-hand side of (I3.25P and adjusting the integration 
constants in such a way that h vanishes at r = oo, one gets the following expression of the 
warp factor h: 

23c^ + Vie" log(r) 



h 



k 



Similarly, the dilaton runs as: 



1 C 



3cr H ^ h 3c^ ( 5 - log(r) ) + 



whereas the function K is given by: 

3P 



K 



1 - 4cr + 2c^ (29 + 12 log(r) ) + 



(3.41) 



(3.42) 



(3.43) 



47r2Ar 

Notice that, when the constant c is non-vanishing, the geometry is not Anti-de-Sitter and 
the internal space is squashed by an r-dependent function. 



4 SUSY embeddings of flavor D6-branes 

In this section we will study the addition of flavor D6-branes to a background of the type 
studied in section El We will analyze certain configurations in which the D6-branes preserve 
some amount of supersymmetry of the background. In the present section we will work in 
the probe approximation, corresponding to having quenched quarks on the field theory side, 
in which the background supergravity solution is not affected by the presence of the flavor 
D6-branes. The effect of the backreaction will be considered in detail in sections [5] and [HI 

Generically, we will consider configurations corresponding to massless quarks which extend 
along the three Minkowski directions x^, the radial coordinate r and that wrap a three- 
dimensional cycle of CP^. On general grounds [16], [17] it is expected that this three-cycle of 
CP'^ is a special lagrangian cycle which can be identified with MP^. Let us show how this 
RP^ arises in our coordinates. With this purpose let us parametrize the SU (2) left invariant 
one- forms uji of the four-sphere metric (12. 7p in terms of three angles 9, (p and '0, namely: 

uj^ = cos 'ij) dd + sin 'ip sin 6 dip , 
= sin ijjd9 — cos iJj sin 9 d0 , 

= # + cos9d0 , (4.1) 

with 0<^<7r, 0<<^< 27r, < -ijj < At:. In order to write down a coordinate description 
of the D6-brane configuration, let us choose the following set of worldvolume coordinates: 

C = (x^r,e,V^,<^) . (4.2) 
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In these coordinates our embedding is defined by the conditions: 

9 ,(p = constant , ( 



TT 

2 



(4.3) 



Notice that ^ and ^ vary inside the S^, whereas varies inside the S^. Actually, ^ and 
parametrize an C S^, while 6' = | is a maximal C S^. The induced worldvolume metric 
is: 



ds'^ = h 2 dx\2 + h'^ dr^ + ds 



3 ; 



where the metric ds\ of the three-cycle is given by: 



dsl = 



de 



2^2 



+ 



4(1 + e 



2^2 



'dil)\ 



(4.4) 



(4.5) 



with q being the squashing factor defined in fl3.3ip . Let us verify that this three-dimensional 
metric corresponds to (a squashed) MP'^ = S''^/Z2. We first perform the following change of 
variable from ,^ to a new angular variable a, defined as: 



, fa 
f = tan — 
^ V2 



< a < TT . 



(4.6) 



In terms of a the metric ds'^ becomes: 



dsl = 



q[da) + g sm a J + ("V^ + 2 v cos a 



1) # 



(4.7) 



Let us next define new angles /3 and ip as: 



/3 



Then, the metric (14. 7p becomes: 



ip = ^ - 



dsl 



q{daf' + q Sir? a{dpY + (ydip + cosac//?)' 



(4.8) 



(4.9) 



It is clear from (14. 8 p that < /3 < 27r. Moreover, by comparing the volume obtained with 
the metric (14.70 with the one obtained with (14. 9p . one concludes that <■?/'< 27r and that 
our three-cycle is indeed a squashed MP^ manifold inside CP^. 

Let us now verify that the cycle (14.30 preserves some amount of supersymmetry. First 
of all, let us note that the embedding (14. 3p can be characterized by the three differential 
conditions: 

51 = 5=^ = = , (4.10) 

which are integrable due to Frobenius theorem since dS"^ = dS^ = dE^ = when (I4.10p 
holds and 6 = 7r/2. From this result one can verify that the cycle is calibrated by the form /C 
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for a metric given by the general form (13.11) and (13. 2p . Indeed, the only non-zero component 
of the pullback of /C (denoted by /C) is the one containing e^^^^ in (I3.15P and one has: 

t = 1^^2y ^^^^'^ d-^ X Adr Ad^ Adip Adip , (4.11) 

which one can easily show that coincides with the volume form derived from the worldvolume 
metric (14. 4p . In appendix [D] we have confiormed, by making use of kappa symmetry, that 
these embeddings preserve the supersymmetry of the background. Actually, in that appendix 
we generalize the embeddings (14. 3 p to the case in which 6 is not constant. If = 6{r), the 
supersymmetric configurations are those where the following first-order BPS equation is 
satisfied: 

= cote . (4.12) 

dr 

Notice that, indeed, the solutions of (I4.12P with constant 6 must necessarily have 6 = 7t/2. 
Moreover, one can easily show by analyzing (I4.12p that, when 6 is not constant, the radial 
coordinate reaches a minimal value r^, in the corresponding brane embedding. Therefore, one 
can interpret these D6-brane configurations with varying 6 as flavor branes that add massive 
flavors to the Chern-Simons-matter theory. The corresponding quark mass is related to 
the minimal distance r^,. Notice also that one can generate a whole continuous family of 
embeddings equivalent to the ones studied so far by acting with the different isometrics of 
the metric. In the next sections we will construct supergravity solutions that incorporate 
the deformation of the geometry due to the presence of such a continuous set of branes. 



5 Backreacted massless flavor 

Let us now study the backreaction of the flavor branes on the backgrounds of the ABJM 
type. With this purpose in mind we first analyze the modification of the Bianchi identity 
introduced by D6-brane sources. This modification is determined by the WZ term of the 
D6-branes, which for a collection of Nf of them is given by: 

Swz = ^ / Cj , (5.1) 



2 = 1 



A4« 



where the hat denotes the pullback to the D6-brane worldvolume. Let us rewrite this ex- 
pression in terms of a charge distribution three-form Q as: 

Swz =Tn, [ C7 A , (5.2) 

JMio 

with Q being only non-vanishing at the location of the D6-branes. The term (15. 2p induces 
a violation of the Bianchi identity of F2. Indeed, let us write the supergravity plus branes 
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action in terms of the RR eight-form Fg and its seven- form potential C7. This action contains 
a contribution of the form: 

-T^l [ FsA*Fs + Td, [ C-rAQ. (5.3) 

It is manifest from fl5.3p that the D6-branes act as a source for the RR seven-form potential 
C7. Actually, the equation of motion of Cj derived from (15. 3p gives rise to the following 
Maxwell equation for Fg: 

^d*Fg = Tn,n, (5.4) 

which, as F2 =* Fq, is equivalent, as claimed, to the violation of the Bianchi identity of F2, 
namely: 

dF2 = 27in , (5.5) 

where we have used the fact that, in our units, we have 2k\qT£,^ = 2tt. 

Following the general procedure reviewed in [28], we will consider a large number Nf of 
flavor branes and we will substitute the discrete set of branes by a continuous distribution 
characterized by the three-form Q. We will assume that the flavor branes are delocalized in 
such a way that there are no Dirac ^-functions in the expression of fl. In this way we will be 
able to find solutions of the different field equations of supergravity with sources. Actually, 
it is easy to find an expression of Q which preserves both the two supersymmetries and the 
form of the metric of the deformed unfiavored solutions. Notice, however, that the ansatz for 
F2 must be modified in order to satisfy (15. 5p . In fact, by looking at (I2.16P it is easy to find 
the appropriate modification of our ansatz (12.151) . Indeed, the two-form F2 written in (12.151) 
is closed because there is a precise balance between the term E'^ A E"^ (along the fibered 
§^ ) and the two other terms with components along the S^. Clearly, to get a non-closed 
two-form F2 without distorting much the structure of our ansatz, one should squash 

the two type of terms in (12.151) by means of some squashing factor t]. Accordingly, we will 
adopt the following ansatz for F2 in this flavored case: 

F2 = ^ [e'aE^ -r]{S^AS^ + S'aS^) ] . (5.6) 

Notice that eq. (I2.17P is still satisfied and, therefore, the constant k continues to be the 
Chern-Simons level of the gauge theory. In this section we will consider the case of massless 
flavors, which corresponds to taking rj constant (see section [8] for the case of massive flavors). 
The precise relation between rj and the number of flavors is obtained below. The violation 
of the Bianchi identity for F2 can be verified by computing the exterior derivative of the 
two-form written in (15. 6p which, in turn, yields the expression of the smearing form Q, 
namely: 

n = ^ {l-r])^E^ A{S^ AS^ - AS^) + E^ A{S^ AS^ + AS^)j . (5.7) 



17 



Let us argue that this is the correct smearing form for a collection of flavor branes, embedded 
as in section HI giving rise to massless flavors . Notice that the smearing form should contain 
the volume element of the space transverse to the brane worldvolume. In the case of the set 
of embeddings ( 14.3P this space should be spanned by the three one-forms S^, and (see 
eq. f l4.10p ). Thus, one expects to have a term of the type AS^ A in Q, which is indeed 
contained in our ansatz (15. 7p . It is also easy to find embeddings with E"^ = = = 0, 
which contribute to the E'^ AS^ AS^ component of Q. Presumably, there are other embeddings 
generating the other components of the charge-density three-form written in (15. 7p . 

In order to relate the squashing coefficient t] to the number of flavors Nf, let us compare 
the smeared DBI action with the DBI action of a single brane. The former is given by: 



gsmeared ^ _r^^l IC A , (5.8) 

JMio 

where we have taken into account that /C is a calibration form for the D6-brane worldvolume. 
By using the explicit expression of /C (eq. fl3.15p ) and our ansatz for Q, we get: 

]CAn = MljlZZl e2/+9 ^drA Vol(§^) A Vol(§2) , (5.9) 

TT 

with Vol(S^) being the volume form of the metric (12. 7p and Vol(S^) = sin^d^ A dip. In- 
tegrating over §^ and gives a factor 327r^/3 and we can write the smeared DBI action 
as: 

^smeared _ J d^X dr C'j'^j^Y"^ , (5.10) 

where the DBI lagrangian density of the smeared set of flavor branes is: 

= _ 32vr^^(l-r7) ^2^+, _ ^^^^^^ 

Let us now compare the action (I5.10p for the whole set of smeared branes with the one 
corresponding to a single representative brane, which we will choose to be the one written 
in ( 14. 3p . In terms of the angular coordinates defined in ( 14. 6 p and (14. 8 p the DBI action for 
the embedding can be written as: 

S'dbj'^ = — J d^x dr da d(3 dip e~'^ \/ — det g-j = J d^x dr C^j^^j'^ , (5.12) 

where is the induced metric written in (14. 4p and (14.91) . By integrating over the angular 
variables one easily gets the effective lagrangian density for the representative embedding, 
namely: 

Since all the embeddings of the family of D6-branes are related by isometries, they are 
equivalent and they should give the same action. Thus we should have: 

/^smeared _ a/- single I'c; 1/1^ 
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It is now straightforward to use the lagrangian densities (15. lip and fl5.13p in f l5.14p to find 
the precise relation between the squashing factor rj and the number of fiavors Nj. One gets: 

O AT 

V = l + -^- (5.15) 



Notice that rj depends hnearly on the deformation parameter e, defined as: 

(5.16) 



k 



Indeed, it follows from (]5.15p that rj = 1 + 3e/4. Interestingly, e can be rewritten in terms 
of gauge theory quantities as: 

e = ^A, (5.17) 

where A = N/k is the 't Hooft coupling of the Chern-Simons-matter theory. As we will 
show below, the deformations of the metric, dilaton and RR four-form will also depend on 
e, similarly to what happens in other fiavored backgrounds such as the D3-D7 system (see 
[28] for a review and further references). 



5.1 Flavored BPS system 

We are now in the position of addressing the central problem of this paper, namely finding 
the backgrounds dual to Chern-Simons-matter theories with fiavors. We will adopt an ansatz 
for the metric as the one written in (13. ip and (13. 2p . in which the line element is parametrized 
by a warp factor h and two squashing functions / and g. Moreover, the RR four-form 
will depend on the function K as in (13. 3p . while F2 will be given by (15. 6p . By imposing on 
the Killing spinors the projection conditions (I3.12p . one can find a system of first-order BPS 
equations for the different functions of the ansatz. Actually, these BPS equations imposed 
by supersymmetry are readily obtained from (13. lip by performing the substitution: 

ke-^^ krie'^^ . (5.18) 

In this way, one gets: 

-^e'f'h-U - 2r] e'^f ) - "1 K , 
8 ^ ' ^ 4 ' 

^e*/,! _ 2r^e-2/) - e'*' K , 

-e-^/i-^e"'^ + - e-'^+3 . (5.19) 
2 



4>' = 

h' = 

f = 

9' = 
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The fulfillment of the system fl5.19p guarantees the preservation of two supercharges, which 
corresponds to A/" = 1 supersymmetry in three dimensions. Moreover, one can show that 
the BPS system can be rewritten as in fl3.18p . in terms of the calibration forms K, and /C, 
which are written in ( 13.15^ and (I3.17P in the frame basis. Furthermore, in appendix [E] we 
show that f l5.19p implies the fulfillment of the equations of motion of ten-dimensional type 
IIA supergravity with sources corresponding to delocalized branes. 

The system f l5.19p is very similar to the unflavored one in (13. lip . Therefore, we can 
follow the same procedure as in section [3] to perform a partial integration of the system of 
differential equations and to find some of its particular solutions. First of all, we define the 
function A as in (I3.19p . in terms of which the system (I5.19P becomes: 

' 2 

g' = :^e^-2/ + e-5 - e'^Z+s . (5.20) 

As in (I3.2ip . the function K does not appear anymore in the system (I5.20p and can be 
determined in terms of the functions appearing in (I5.20p . Indeed, one can immediately show 
that K can be obtained from (p and h by means of the expression written in f l3.22p . Moreover, 
eqs. (I3.23P and (I3.24p also hold in this unflavored case and one can integrate the warp factor 
in terms of A as in (I3.25p . 

The system (I5.20p can be further reduced by introducing the new radial variable r defined 
in (I3.26P and by defining the functions S and A as in (13. 28 p . The resulting system of 
equations is: 

S = ^e^(3r^-e^^)-e-^ 

A = -^e^ e^^) - +26-^ . (5.21) 

In the next section we will concentrate on studying a particular solution of the system (I5.2ip 
which leads to the Anti-de-Sitter geometry in this flavored case. 

6 Flavored Anti-de-Sitter solutions 

In close analogy with the study carried out in section 13. 2[ let us consider solutions of the 
reduced system (I5.2ip in which the functions S and A are constant. Notice that, according 
to the definition in (13.310 . constant A implies that the squashing parameter q = e^^ is also 
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constant. Actually, by imposing S = A = in f l5.2ip one can straightforwardly prove that 
q must satisfy the following quadratic equation: 



q' - 3{l + r])q +5r] = , (6.1) 

which reduces to (13.321) when r) = 1. The relation (16. ip can be regarded as the relation 
between the deformation t] of the RR two-form and the internal deformation of the CP'^ 
metric, parametrized by the squashing factor q. Both parameters are related to the number 
of flavors or, to be more precise, to the deformation parameter e defined in (I5.16p . Actually, 
by solving (16. ip as a quadratic equation in q, one gets: 



3(l + r/)± v/V-2r/ + 9 
Q = 2 ■ ^ 

By using (15.151) one can obtain the squashing factor q in terms of Nf and k, namely: 



The two signs in (16. 2 p give rise to the two possible branches. The minus sign in (16. 2p 
corresponds to the flavored ABJM model (it reduces to g = 1 when rj = 1), while the plus 
sign corresponds to the squashed model with 5*0(5) global symmetry which is discussed 
in appendix O Notice that the discriminant in (16. 2p is never negative and, therefore, the 
parameter rj can be arbitrary. Actually, when t] ^ oo one has the following behavior in the 
two branches: 

{5/3 , for the - branch , 
(6.4) 
oc , for the + branch . 

Similarly, one can compute the squashing factor for the case in which Nf is small. At second 
order in Nj/k, one gets: 

[1 + I* for the- branch, 
q ^ < (6.5) 
U + f^ + i-AW^ for the + branch. 

It is interesting to point out that, in the two branches in (16. 3p . the squashing factor q takes 
values in ranges that are disjoint. In the flavored ABJM case 1 < g < 5/3, whereas g > 5 in 
the other branch. In what follows we will restrict ourselves to the ABJM model with flavor 
and thus q should be understood as the right-hand-side of (16.30 with the minus sign. Let us 
write the complete supergravity solution in this case. First of all, it follows from the system 
(I5.2ip that S is given by: 

^e-^ A^. (6.6) 
2 yg r] + q 
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Moreover, the equation for g in fl5.20p can be rewritten as: 



(6.7) 



Since the right-hand side of (16. 7p is constant, it follows that is a linear function of r. 
Actually, by making use of (16.61) one can prove that g and / can be written as: 



r 
b 



with the coefficient b being given in terms of the squashing parameters rj and q by: 

^ ^ Qjr] + q) 
2{q + riq~ 7]) 



(6.8) 



(6.9) 



Let us next compute the warp factor h by using the general expression (I3.25p . A glance at 
the right-hand side of (13.251) reveals that we have to compute the function A first. However, 
it follows from the definition (I3.28P that = and, therefore, we can obtain from 
(ESD and dSSD- One gets: 



[q + -qq - T] 



k q{r] + qY 

Taking into account this result, we can write the warp factor h as: 

/3 g3(r/+ qY{2-q) 1 



h 



24 k [q + VI ~ v] 



.4 ' 



(6.10) 



(6.11) 



where we have adjusted the integration constant in (13.251) by requiring that h vanishes at 
r — )■ oo. Notice that, as /i ~ r~^, this solution does indeed lead to an Anti-de-Sitter metric. 
Actually, the AdS^ radius L is related to the warp factor h as: 



= h . 

From (16. lip we can extract the expression of L, which can be written as: 

, , N (2 - q) b' 

L = Zn . 

k q[q + rjq — rj) 

Using these results we can represent the ten-dimensional metric for this solution as: 



62 L 



qdsi, + {Ey + {E 



-i2\2 



(6.12) 



(6.13) 



(6.14) 



In order to write the AdS^ part of the metric as in (12. 2p we have to rescale the Minkowski 
coordinates as — )■ Li^ x^, where L is the same as in (I6.13p . From (I6.14p the interpretation 
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of the parameter b is rather clear: it represents the relative squashing, due to the flavor, of 
the CP^ part of the metric with respect to the AdS^ part. It is also interesting to rewrite 
the metric fl6.14p in terms of the variables used in (12. 7p . One has: 

ds"^ = ds\^g^ + dsl , (6.15) 

where dsl is the metric of the deformed internal six-dimensional manifold, written in terms 
of the SU{2) instanton on the four-sphere, as: 



1^2 

d4 = -yl 



q dsl, + {dx' + ^'^^ ^''Y ■ (6-16) 



Let us now obtain the remaining non-vanishing fields for this solution. First of all, the 
constant dilaton can be found by using (I3.19p . One gets: 



V + Q \n(n + rjq - T])]^ V 



(6.17) 



This expression can be rewritten in a more compact form as: 

^ b r] + q k 
^ 42-q L ' 



(6.18) 



Finally, let us write the four-form F4 for these solutions. After rescaling the Minkowski 
coordinates as before, we can write F4 as proportional to the volume element ^^^54 of AdS^, 
namely: 

^4 = ^ ^AdS, ■ (6.19) 

The function K was written in (13.61) in terms of h, f and g. Taking into account that 
e^^ = qe^^ and the relation fl6.12p . one can rewrite F4 as: 

o 6 -6g 

^4 = 4 —FT- ^Ads, . (6.20) 
q-^ 

Using the expressions of g and L in (16. 8p and (I6.13P and the one for [5 written in (13. 9p . we 
arrive at: 

37r qi {r] + g)" 



16\/2 {q + rjq — 77)2 -^2 — g 
We can rewrite this result more compactly as: 



VkN ^Ads, ■ (6.21) 



3k {ri + q)b 2 



4 2-q 



L' ^Ads, ■ (6.22) 



Eqs. (I6.15P and (I6.16P are the flavored generalization of the AB JM metric written in (12. ip and 
(12. 6p . Notice that the radius L is not the same in both cases (compare (12.31) and (I6.13P ) and. 
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in addition, the flavored metric is deformed by tlie parameters b and q. Tlie RR two-form F2 
for the flavored solution was written in (15.61) (it was our starting point) and, together with 
the F4 written in (I6.2ip . generalize (12. 5p . Finally, the constant dilaton also gets corrected 
by the effect of the matter fields, as one can see by comparing eqs. (I6.17P and (I2.4p . 

Let us finish this section by discussing the regime of validity of our supergravity dual. 
On general grounds we must require that the curvature of the space is small in string units 
(or, equivalently, that the curvature radius is large) and that the string coupling e"^ is small 
(otherwise we should describe the system in eleven-dimensional supergravity). Thus, the 
two conditions that make our type IIA supergravity approximation valid are: 

L » 1 , «l . (6.23) 

Let us analyze the two conditions in (16.230 in two different regimes of the deformation 
parameter e = Nj/k. If e is of the order one or less, the squashing parameters are also of this 
same order and they do not modify the order of magnitude of L and e*^. Therefore, (16.230 
leads to the same conditions as in the unflavored case, namely: 

«k«N , (6.24) 

with Nf being, at most, of the order of the Chern-Simons level k. Let us consider next the 
opposite limit, namely when Nf » k. In this case, as q remains finite (see (16. 4p ) and rj is 
large, it follows from (I6.13P that: 

Moreover, since ~ ^ in this limit, one has: 



4 N 



Nf 

Similarly, for Nf » k the dilaton behaves as: 



(6.26) 



yk^J qHq-l)-^^ 



(6.27) 



Thus, the conditions (16.230 for Nf » k are equivalent to: 

N^ « Nf «N . (6.28) 

Notice that conditions similar to (I6.24p and (I6.28P were found in ref. [IT] for general tri- 
Sasakian manifolds. 
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Let us now discuss the regime of validity of the DBI+WZ action used to describe the 
flavor branes0. In principle the DBI action is considered to be valid when Qs Nf is small [3T] . 
Indeed, Qs Nf is the effective coupling for the process in which an open string ends on the Nf 
branes. However, as argued in refs. [321 133], when the flavor branes are smeared the situation 
is more subtle and the effective coupling gs Nf is further suppressed due to the fact that the 
branes are separated a large distance in y/a' units and only a small fraction of the Nf branes 
will be available for an open string process. In general, if R denotes the typical radius of an 
internal dimension of the geometry in y/a' units, the number of flavor branes involved in a 
typical process will be of order Nf/R'^, where d is the codimension of the flavor branes in the 
internal space. Thus, we should require that Qs Nf / R'^ be small. In our case d = 3 and R is 
just the radius L. Therefore, we should require that e'^ Nf /L^ be small. When e = Nf/k is 
small this condition is satisfied if fl6.24p holds since Nf /L^ ~ e^/k/N in this case. In the 
opposite large e regime, L and e*^ behave as in f l6.26p and f l6.27p respectively and one has: 



e' 



<t>N 



f 




L3 V iV ■ 

Thus, we should require that Nf << N, which is the same condition obtained by imposing 
that the curvature is small in string units. Notice also that the typical separation scale 
between two D6-branes is: 

~ . (6.30) 

Nf 

For consistency we should require that the distribution of branes is dense enough to be 
described by a continuos charge density. This condition amounts to require that D « L, 
which is clearly satisfied if Nf is large. On the other hand, in accordance with our discussion 
above, we should also require that D must be greater than 1 (in \/c^ units) which, for large 

3 

Nf, leads to the condition Nf « A^7. Notice that this requirement is more restrictive than 
the one written in ( 16.28^ . 



7 Some flavor eff^ects 



Having a simple supergravity solution with no evident pathologies for the unquenched flavor 
gives us a great opportunity to explore the effects of dynamical matter in several observables. 
Moreover, since our solution is an Anti-de-Sitter background, we have at our disposal sev- 
eral techniques and holographic prescriptions to evaluate the observables of the unquenched 
theory in a neat form. Furthermore, some of these observables can also be computed for 
the localized flavor solutions, which gives us a unique chance to compare with our results 
and to explore the effects of the smearing technique. In the next subsections we will ana- 
lyze these flavor effects for some of these observables. We will show that, although the two 

^We are grateful to A. Cotrone for discussions on what follows. 
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setups (localized and smeared) have different amount of supersymmetry and flavor group, 
the results are very similar and, in the case of some observable such as the free energy, they 
are amazingly close. This is an indication of the fact that the A/" = 3 — ?■ A/" = 1 breaking 
introduced by the smearing is, in fact, rather mild. 



7.1 Free energy on the sphere 

Let us consider the euclidean version of the conformal field theory formulated in a three- 
sphere. The corresponding free energy is given by: 

F(§3) = -log|Zs3| , (7.1) 

where Z§3 is the euclidean path integral. The holographic calculation of this quantity in 
^^5*4 gives [31]: 

where L is the AdS4 radius and is the effective four-dimensional Newton constant. In our 
case, Gat is related to the ten-dimensional Newton constant Gio by means of the equation: 

7^ = ^e-^^ Vol(A^6) , (7.3) 

where Ai^ is the internal manifold and Vo^Alg) its volume. For our flavored Anti-de-Sitter 
solutions this volume can be readily computed from the metric of A^e written in f l6.16p and 
is equal to: 

09 3 „2r6 

Vol(A^e) = ^ ^ • (7.4) 

Taking into account that, in our units, the ten-dimensional Newton constant Gio is given by 
Gio = Svr^, and using the value of the dilaton for our solution (eq. f l6.18p ). we get: 

Using the value of the AdS radius L for our geometry written in fl6.13p . we get that F{S^) 
can be represented as: 



3 ^\ k 

where ^{~^^ is given by: 



(7.6) 



\ k J 16 (2 - q)2 (g + r^g - 77) 2 
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Notice that ^ = 1 for the unflavored case and we recover the ABJM result, namely: 



Fabjm{S1 = ^ iV2 = ^ _ , (7. 



where, in the last step, we have written the result in terms of the 't Hooft coupling A = N/k. 
For small values of Nf/k we can expand ^ as: 

Thus, the free energy of the flavored theory can be expanded in powers of Nf/k as: 

f(s')^=^^ + ^;v,;vVa-5^a^|aU.... (7.10) 

If, on the contrary, Nf/k is large, one can verify that, at leading order, ^ behaves as: 

225 /5 /iv7 ^,,,,./^ 



„ , - 1.389 W-^ , (7.11) 
256 V 2 V \ k ^ ' 

and, therefore, the free energy in this large Nf case becomes: 

^ ^ 256 ^ ^ 

Let us next compare our results with the ones obtained with the A/" = 3 tri-Sasakian 
geometry that corresponds to a localized stack of flavor D6-branes. In M-theory these ge- 
ometries are obtained as the base Xj{t) of a hyperkahler cone Aisi't), labelled by three 
natural numbers t = (ti,t2,^3)- These cones are obtained as hyperkahler quotients of the 
form M.^/ / /U{1), where the U{1) action is characterized by the three charges t. The dual to 
the Af = 3 Chern-Simons-matter theories with Nf fundamentals has charges t = {Nf, Nf, k) 
(see [I7|). The volume of ^7(1) has been computed in [35j by using locahzation techniques. 
From this result one can obtain the corresponding free energy F[S^) [17], which matches the 
matrix model fleld theory calculation [36] . One gets an expression like (17. 6p with a flavor 
correction factor ^ simply given by: 

1 + ^ 
1 + ^ 

^ 2fc 

Let us expand in powers of Nf/k, namely: 
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This result is indeed very similar to our result (17. 9p . For large Nf/k one has: 

e^-"~V2l/^, (7.15) 

which is again amazingly close to the value we have found in (17.111) . Actually, one can plot 
together the two functions ^ written in (17. 7p and (17.131) and check that the two curves are, 
indeed, almost identical (see figured]). 




10 20 30 40 k 



Figure 1: Comparison of the flavor correction factor ^ obtained with our smeared setup 
(lower red curve) and the one corresponding to the tri-Sasakian geometry (upper blue curve). 



7.2 Wilson loops and quark- ant iquark potentials 

Most of the results derived for Wilson loops in = 4 super- Yang-Mills in four dimensions 
can be adapted to our flavored setup. To illustrate this fact let us consider the calculation 
of the quark-antiquark static potential. Due to conformal invariance, the quark- antiquark 
potential must be Coulombic, namely of the form: 

V,, = -f , (7.16) 

where d is the distance between the quark and the antiquark and the coefficient Q measures 
the strength of the Coulombic potential. The holographic calculation of Q is just the same 
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as the one performed in [37] and yields the result: 



Q - ^ . (7.17) 

[r(i)]' 



Using the value of the AdS radius L (see fl6.13p ). one can write Q as: 



Q^^^., (7,18) 

[r(i)]' 

where a parametrizes the screening effects due to dynamical quarks, and is given by: 



a = ,1 , , = 1 + . (7.19) 



For small Nf/k, one can expand a as: 



3 Nf 9 fNf\2 



a = 1 7^ + — +■■■. (7.20) 

8 k 64 \ k J ^ ' 

Clearly, the fact that the first correction is negative means that the screening makes the 
Coulombic attraction between the quark and the antiquark smaller, as expected on physical 
grounds. In the opposite limit, when Nf/k is large, a is small. Actually, one gets: 

lgt(2-g)i 1 /125 fV r . 

a^-^ iJ— = J J — , for -i » 1 . (7.21) 

4 (g-l)f ' V 128 yiV; ' k ^ ' 

Similarly, the calculation of the circular Wilson loop can be done by applying the same 
techniques as in the AdS^ x background (see |38]). The result depends on the AdS radius 
L, namely: 

<W >^ (7.22) 

Using our value of L, we get: 

< ly >~ e""^" , (7.23) 

and, as before, the screening effects are encoded in a . It is interesting to compare again 
our results with the ones found in refs. [TTJ [36] from the tri-Sasakian geometry. The corre- 
sponding screening factor a is given by: 

[l-i^, forAr^«A:, 
a^-^ = ^ ^ I (7.24) 

By comparing the right-hand side of fl7.24p with (17.201) and (17.2 ip we conclude that our 
result is qualitatively similar to the one of [T71 [36] , although our smeared setup gives rise to 
a larger screening effect. 
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7.3 Dimensions of scalar meson operators 



Let us analyze how the dimensions of the meson operators (bihnears in the fundamental 
fields) change when the effect of dynamical unquenched matter is taken into account. With 
this purpose, let us consider a D6-brane probe in the flavored background which fluctuates 
around the static BPS configuration fl4.3p . The induced metric on the D6-brane worldvolume 
for this static configuration is given by: 



l2 



q{daf + g sin^a((i/3)^ + [d%l) + cos a d^Y . (7.25) 



For simplicity we will concentrate on the case in which only the angle 9 varies with respect 
to the value written in ( 14. 3 p and we will consider a perturbed configuration in which the 
angle 9 is given by: 



9{r) 



TT 



+ A(r) 



(7.26) 



with A(r) being a small fluctuation of the transverse scalars of the BPS embedding (14. 3p (it 
should not be confused with the 't Hooft coupling). In order to study the equation of motion 
for A let us compute the worldvolume induced metric g-j at second order in A. We represent 
as: 

g7 = Q + g' . (7.27) 

where Q is the metric (17.251) . At second order in A the metric perturbation g' is the following: 



g'^p dCdC^ = — \^X^di; + cosad^Y + (XT (drf 
with A' = dX/dr. The DBI lagrangian density for the flavor D6-brane is just: 



(7.28) 



Cdbi = -Td, e-^ ^/-deig^ . (7.29) 
By plugging the results written above for g-j, one gets the following second-order result: 

1 



Cdbi = -Toe e V- det Q 
Similarly, the WZ term of the lagrangian is: 



WZ 



/c 



(7.30) 



(7.31) 



with K, being the calibration form and /C its puUback to the D6-brane worldvolume Aij. 
One can easily show that, at second order, one has: 



XX')Vo\{M7) 



(7.32) 
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where Vol( A^y ) is the volume form of the metric Q. After integrating by parts, we can write 
the langrangian density for the WZ part of the action as: 

Cwz = -Td, e-'*' V-dete; [ (^1 - A ) A' ] . (7.33) 
The total lagrangian density is thus: 

K,2 



r' 1 3 



£ = -T^^e-*v/^d^ [— (AT + 2 (1 - ' (^-34) 

and the corresponding equation of motion for A is: 

[r^ 9^A] + 6(3-6)A = . (7.35) 

Let us assume that the fluctuation A(r) in AdS^ behaves for large r as: 

A ~ + C2r-2'^^ , as > ai , (7.36) 

where a\ (02) corresponds to the non-normalizable (normalizable) mode. The associated 
conformal dimension of the dual operator i\} ip is: 

3 

A = dim(V^V^) = - + aa - ai . (7.37) 

In order to find the values of the exponents ai and 02 in our case, let us assume that there 
is a solution of the fluctuation equation (17.351) in the form: 

A ~ r" . (7.38) 

It is now straightforward to show that the exponent a can take the values a = —b, 6 — 3. It 
follows that ai and 02 are given by: 

ai = - , 02 = . (7.39) 

Thus, it follows from f l7.37p that the dimension A is just given by: 

dim(V'V') = 3 - 6 . (7.40) 

Let us expand this result in the number of flavors. As the parameter 6 written in (16. 9 p is 
given by the following power series in Nf/k: 

3 Nf 63 / A^/ \ 2 



the dimension of the dual operator is: 



3 Nf 63 / A^/ \ 2 
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This equation shows how the canonical dimension dim (■?/;■?/') = 2 is corrected by the addition 
of dynamical quarks in the regime in which Nj/k is not large. Let us consider next the 
opposite limit in which Nj/k is large. In this case one can easily verify that: 

5 (Nf 

and therefore 



7 fNf 



dim(?/'V') 4 ' \k^^)' '^^"^ 

7.4 Dimension of high spin operators 

A high spin operator can be holographically realized as a rotating string [39]. The anomalous 
dimension A of such operator can be computed in the large A limit. Indeed, the calculation 
is just the same as in [39] and the result for the difference between the dimension A and the 
spin S can be written as: 

A-5 = /(A,e) log 5, (7.45) 

with /(A, e) being the so-called cusp anomalous dimension which depends on the 't Hooft 
coupling A and on the flavor deformation parameter e (the unfiavored result was obtained in 
[4]). From the calculations in [39], we have: 

/(A,6) = — . (7.46) 
vr 

In terms of the gauge theory parameters the cusp anomalous dimension can be written as: 

/(A,e) = v^a, (7.47) 

where a is the screening factor of the quark- ant iquark potential defined in fl7.19p . which 
also encodes the effects of the unquenched quarks on the anomalous dimensions of high spin 
operators. 



7.5 Particle-Uke branes 

As our final example let us analyze how quark loops effects change the dimensions of the op- 
erators dual to some particle-like brane configurations. In general, the conformal dimension 
of the operator dual to an object of mass m in the AdS^ space of radius L is given by: 

A = ml . (7.48) 

First of all, let us consider the case of DO-branes which, according to [4j, are dual to di- 
monopole operators with charges (1, 1) under the two gauge groups. These operators are 
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equivalent to Wilson line operators carrying k fundamental indices of one group and k 
anti-fundamental indices of the other group. From the value of the dilaton in f l6.17p we 
immediately obtain the mass of a DO-brane {rriDo = ^/ds)'- 

r] + q {q + r]q - 7])^ f \^ /7 

The conformal dimension of the gauge dual is just obtained by applying (17.481) . We get: 

_ 1 q{v + qf , . 

- 8 {q + m-v) (2-g) ^ • ^^-^^^ 

As a check, we notice that (I7.50p reduces to /i;/2 for r/ = g = 1, which is the value expected 
for an operator which is the product of k bi-fundamentals of dimension 1/2. 

In reference [17] it was argued from the field theory side that the dimension of the di- 
monopole operators of an A/" = 3 Chern-Simons-matter theory is corrected by the funda- 
mentals as Ado — ^ ^Do + In order to compare this result with our expression (I7.50p . 
let us evaluate A/jo for Nf small and large with respect to the Chern-Simons-Level k. One 
gets: 

r I + ^ for AT, « , 

^D, ^ I (7.51) 
[f^Nf ioTNf»k. 

Notice that (I7.5ip is not very different from the result obtained in |[l7j, specially for small 
Nf (although both results refer to theories with different amount of SUSY and flavor group). 

We now consider di-baryons in the flavored geometry. They should correspond to D4- 
branes wrapped on (deformed) CP^, which we will take to be given by the same angular 
embedding as in the unflavored case in ( lA.lip . namely it will be deflned hy (p = 9 = -k /2. In 
terms of the angle x deflned in (IA.14p . the induced metric in the four-cycle is given by the 
following deformation of the Fubini- Study metric: 



L2 
62 L 



M^ + cos^f ((1 +('?-!) sin^f) ((a;T + (c^Y) +gsin^|(u;Y)] • (7-52) 
The volume V4 of this cycle can be immediately obtained by integration, namely: 

. ?ll , (,53) 

and the mass of the wrapped D4-brane is: 

= ^ = ^ P±i)(l±i) i . (,54) 

(27r)4 247r2 6 2-q ^ ' 
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The corresponding conformal dimension = m^)^ L is just: 

96 [q + VQ ~ V) 

As a check of the formula (17.551) one can verify that its right-hand side reduces to the 
unflavored value N/2 when Nj = 0. Actually, the dimension Ad4 does not vary much with 
the number of flavors. For small Nf/k one can expand 

1 Nf 33 /A^/\2 \ N 



Moreover, for large Nf/k the dimension approaches the following constant asymptotic limit: 

1 95 

Ad,^ — N . (7.57) 
256 ^ ' 

which is very close to the unflavored value N/2. Actually, it was argued in [351 HH] from the 
analysis of the tri-Sasakian geometry dual to A/" = 3 theories that Ajj^ should not be changed 
when fundamentals are added. Again, we see that the results obtained with our smeared 
geometry are not very different from the ones found with the localized A/" = 3 backgrounds. 

8 Backreaction with massive flavors 

Let us write an ansatz for the backreacted background in the case that the quarks introduced 
by the flavor D6-branes are massive. According to what happens in other setups [28] analyzed 
with the smearing technique, we will modify the ansatz of F2 by substituting Nf by Nfp{r), 
where p{r) is a function of the radial coordinate to be determined. This new function should 
satisfy the following conditions: 

p{r) = if r < r^, , 

lim p{r) = 1 , (8-1) 
where r* is related to the mass of the quarks. Therefore, the new ansatz for F2 is: 

F2 = ^E'AE^ - i(^fc+^p(r)) (S^AS' + S'aS^^ . (8.2) 
Now, the smearing form Q = dF2/2iT takes the form: 

n = p(r) lE'AiS^AS^ - S'aS') + E'AiS^AS' + S^AS^) 



167r 



^p'(r) A f^^AcS^ + 51 A^^) , (8.3) 

TV / 
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and has new components (the last hne in ( 18. 3p ) which were not present in the massless case. 
Notice, however, that the BPS equations for this massive case can be simply obtained by 
changing: 

3Nf 



kf] ^ k + 



4 



■p{r) 



(8.4) 



in the system for massless matter fl5.20p . 

Let us see how one can obtain the function p{r) by comparing the smeared WZ action of 
the D6-brane with the one corresponding to a single massive embedding, which was studied 
in appendix First of all we notice that, with our new expression (18. 3p for the smearing 
form Q, we get: 



3N 



f 



47r 



P{r) + ^ e^p'ir) e^^+^ £x A dr A Vol(§^) A Vol(§^ 



.5) 



By integrating over the and (which amounts to multiplying by 327r'^/3) and using this 
result in (15. 2p (with Cy as in flD.26p ). one gets the effective WZ lagrangian density in the 
and r variables, namely: 

Btt^ Nf Td6 e"^ hh e^^+^ ^ ' ' ^ 



WZ 



p{r) + ^e^p'{r) 



(8.6) 



By comparing with the lagrangian ( ID.29P multiplied by Nf, we get that one can identify 
p{r) with: 

p{r) = ( sin 6'(r)) 0(r — r,,) . (8-7) 
By using the expression (ID.17P of 0{r), one gets: 



l-exp[-2/ e-^'^^Uz]] Q{r - n 



p{r) 



where we used the fact that ^ = when r = r^. One can also get this same result by 
comparing the smeared and localized DBI actions. Notice that, when the kappa symmetry 
equation fID.lip for the embedding holds, the DBI lagrangian density for a massive 

embedding reduces to: 



CdbABPS) = -87 



9) 



The smeared DBI lagrangian is just the same as in (18. 6p with opposite sign. Then, it follows 
that p{r) must satisfy the following differential equation: 



2p{r) = 2 . (8.10) 

It is straightforward to verify that ( 18. 8p is the most general solution of the ODE ( ]8.10p 
satisfying the required conditions (18. ip . Moreover, by inspecting (I8.10p one realizes that, in 
this massive case, it is quite convenient to introduce a new radial variable p such that: 

± = e-a . 
dr 



(8.11) 
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Denoting by a dot the derivative with respect to p, one finds that the first-order differential 
equation (18.101) becomes: 



p + 2p = 2 , (p > P*) , (8.12) 

where p* is the value of the p coordinate that corresponds to the minimal value r^, of r. Eq. 
f l8.12p can be solved as: 

V{p) = [l - e^^"*-")] e(p-p.) , (8.13) 

where we have required the continuity of p(p) at p = p^. Therefore, in the p variable the 
function p{p) is known and, in order to determine the background, one has to integrate the 
system: 

A= (A: + ^p(p))e^-/+^-^e^-, 

f = \{k + ^p(p) ) e^-/+^ - ^e^- + e-/+^^ , 

9 = l{k + ^P(P) ) e^~'f^^ + 1 - e-^/+^^ . (8.14) 

We will not attempt here to solve the system fl8.14p . Let us just mention that, when the 
mass of the quarks is non-zero, there should be solutions of ( I8.14p that interpolate between 
two AdS spaces, namely, the original unflavored ABJM geometry in the IR and our flavored 
AdS space in the deep UV. We leave the veriflcation of this fact and the detailed analysis of 
the system fl8.14p for a future work. 



9 Conclusions 

Let us recapitulate our main results. We have studied the holographic dual of unquenched 
flavor in the ABJM Chern-Simons-matter theory in the type IIA description. We have found 
a geometry of the type AdS^ x Ai^, where A^e is a compact six-dimensional manifold whose 
metric we have explicitly determined. In order to get this result we have considered a setup 
in which the transverse internal space is fllled with a continuous set of D6-branes which act 
as sources for the violation of the Bianchi identity of the RR two-form F2 and deform the 
original unflavored 74^5*4 x CP'^ geometry. To describe this deformation we have written 
the CP^ manifold as an §^-bundle over and we have argued that the flavor induces a 
squashing of the S'^ base with respect to the flber and, at the same time, changes the size 
of both the Anti-de-Sitter and the internal space. These squashing factors induced by the 
backreaction of the flavor branes are constant and depend non-linearly on the deformation 
parameter e defined in f l5.16p . 
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Contrary to what happens to other flavored backgrounds obtained with the smearing 
method (see, for example, those of refs. jlQl HI]) our supergravity solution has a good UV. 
Actually, since the metric has an Anti-de-Sitter factor, the holographic methods are firmly 
established and it is possible to apply a whole battery of techniques to perform a clean 
analysis of the flavor screening effects in different observables. This good behavior of the 
flavored solutions is a reflection of the fact that the D6-branes lift to pure geometry in eleven 
dimensions and, as a consequence, it is possible to have a nice geometrical description of 
matter in these systems. We have carried out this study for some of these observables in 
section [7] and, in some cases, we have compared our results with the ones obtained from the 
localized tri-Sasakian geometry, in order to determine how these quantities change with the 
smearing of the flavor branes. Although a more detailed understanding of the field theory 
dual to our background would be desirable, we showed that the flavor effects on several 
quantities match the ones expected for a background in which dynamical quarks have been 
incorporated. 

Our results can be generalized in several directions which we now briefly sketch. First 
of all, it is clear that the running solutions such as the ones of section 13.31 and appendix 
[Cl deserve further analysis. In particular, it would be very interesting to determine if there 
are non-trivial flows that connect different fixed points (see [12] )• Another point that would 
be worth to investigate is the integration of the BPS system fl8.14p for massive flavors. In 
this case one expects to find solutions which interpolate between the AdS^ x CP^ unflavored 
geometry in the IR and our massless flavored Anti-de-Sitter solutions in the UV. 

Our analysis of the flavor effects in section [7] is clearly incomplete. One could also study 
Wilson loops in representations different from the fundamental such as, for example, Wilson 
loops in the antisymmetric representations. Moreover, one could also compute the spectra 
of meson masses (and not just the dimension of the meson operators). In the unflavored 
case this analysis was performed in [23] . The expectation is that the screening effects would 
reduce the binding energy and, as a consequence, the masses would increase with respect to 
the unflavored values (similar results for the theories on the conifold were obtained in |43j). 

Another possible direction for future research could be trying to generalize the flavored 
supergravity solutions found here. One of these generalizations could be constructing a black 
hole solution with flavor (with finite temperature and, eventually, finite chemical potential) 
along the lines of [H] and then studying its corresponding thermodynamical and hydrody- 
namical properties. Another possibility could be adding fractional branes to our solution, in 
such a way that the ranks of the two gauge groups is different [7], which would amount to 
introduce a NSNS B field. Notice that, according to the analysis of even the unflavored 
ABJM solution should have a non-vanishing flat B field due to the so-called Freed- Witten 
anomaly. It would be interesting to explore how this issue changes when the dynamical 
quarks are added to the background. Another topic of interest would by trying to find 
a flavored solution of type IIA supergravity with non-zero Romans mass which, according 
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to [8], would correspond to a theory in which the sum of the two Chern-Simons levels are 
non-vanishing. Finally, one could also try to apply the same methodology to add flavor to 
backgrounds with reduced super symmetry, whose internal space is not CP^. 

We are already working along some of these lines and we hope to report on these topics 
elsewhere. 
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A ABJM geometry 

Let us study the uplift of the ABJM metric (12.11) to eleven-dimensional supergravity. The 
corresponding uplifting formula for the metric is: 

dsf^ = e 3 dsio + 6 3 [dxu-Ai) , (A.l) 

where we take the eleven- dimensional coordinate Xu to take values in the range Xu G [0, 2tt) 
and Ai is the one- form potential for the type IIA fleld strength F2: 

F2 = dAi . (A.2) 

For the ABJM solution of section [2], the actual value of Ai is: 

Ai = -^(^ cose dip + ^S^^ , (A.3) 

where has been deflned in ( I2.14p . Let us next deflne a new angular variable as: 

2 4:71 

^ = , ^ e [0,— ) , (A.4) 

as well as a new one-form as: 

E^ = dil) + cosOdip + ^S^ . (A.5) 
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Then, the uphfted metric (lA.ip can be written as the one corresponding to the product space 
^^5*4 X S^/Zfc, namely : 



where R is given by 



and the S'^/Z^ metric is: 



1 

4 



R^ 



dsi 



2^7r^ Nk , 



n3-\2 



(A.6) 
(A.7) 

(A.8) 



with being the metric of the four-sphere written in (12.7P . As a check one can verify that 
the eight-dimensional cone with metric dr'^ + ds'^r^^^ is locally flat. Moreover, the metric 
(lA.SP can be written as an §^-bundle over S^. Indeed, let a)* (i = 1, 2, 3) be a second set of 
left-invariant one-forms, defined in terms of the angles 6, if and ip as: 



— sin (fd6 + cos ip sin 6 dip , 
cos ifdO + sin ip sin 6 dip , 
dip + cos 6 dip . 



(A.9) 



These forms satisfy dco^ = ^ e^^'^u^ Au^. In terms of the cu* the metric (lA.SP takes the form: 



(A.IO) 



where the one-forms are the components of the SU{2) instanton connection written in 

(ESI). 

Let us come back to the CP^ metric, written in f|2.12p as an S^-bundle over S^. As 
mentioned at the end of section [21 there is a non-trivial CP^ C CP^, which is spanned by 
the angles 9 and ip for a fixed point of the S^. Let us now check that, in our coordinates, 
the embedding corresponding to a CP^ is obtained by taking the §^ angles 6 and ip to be 
constant and given by: 

^ = 9 = 1 . (A.ll) 
In this case the pullbacks of E'^ and E"^ are given by: 

e 



E' 



1 + e 



2 , 



E' 



1+e 



■ u 



(A.12) 



Then, the puUback of the CP'^ metric (I2.12p is just 

de , e 



i+ey ^ 4(1+ a 



cor + (oo'f 



+ 



e 



4(1 +e 



2^2 



2\2 



(A.13) 
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Introducing the new angle x ^s: 



2 

we can rewrite the above metric as: 

1 r / , n2 2 X 



e = cot ( J) , < X < , (A.14) 



4 



{dxY + cos^ I [(u;i)2 + [u'f + sin^ | {uj'f] ] , (A.15) 

which is, indeed, the Fubini-Study metric of CP^. Notice that the total volume for this 
metric is just 7r^/2. As an application of this result, let us consider now a D4-brane wrapped 
on the CP^. Its mass is given by: 

mm = Td4Vcp2 , (A. 16) 

where and Vcp2 are: 



-D4 



' , (A.17) 



vr .4 



where the dilaton has been written in (12 ■4p and L is the AdS4^ radius for the unflavored 
ABJM solution displayed in (I2.3p . Using these values of Qs and L, we get: 

1 f kN^ 
~2 



The resulting conformal dimension A £,4 is just rriu^L, namely: 

Ad4 = y , (A.19) 

which is just the expected result since these branes are dual to dibaryon operators which are 
products of bifundamental fields, each of them of dimension 1/2. 



B SUSY analysis 



In this appendix we will find the system of BPS first-order equations satisfied by our super- 
gravity solutions, as well as the corresponding Killing spinors. To find the supersymmetric 
configurations, we will use the SUSY variations of the dilatino A and the gravitino of the 
type IIA SUGRA in string frame (which we take from [16]): 



Q p<P 

+ :i^ir{2)rA'-rn 

8 2! '^'^ 



1 p'l' 

8 4! f^'^p'^ 



v„ - — -TT Fi? r"" Tn r„ - — - v^p" T, 



8 2! 



pa 



8 4! 



fiupcr 



(B.l) 
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In order to study the supersymmetric metrics of form fl3.ip . let us choose the following basis 
of frame one-forms: 

= /i-^rfx'^, (/i = 0,1,2) , e^ = h^dr, e^ = h^e^S^, 

= h-^e^E^ , = . (B.2) 

Let us first compute the dilatino variation. One gets: 



(B.3) 



We will first impose the following projection conditions: 

r47e = Tsee = Tsge . (B.4) 
Then, the vanishing of the dilatino variation, 6X = 0, leads to the following equation: 

ct>'e + -e'^h^-^ {e-'^~2i^e''f)V,,,V,,e - -Kh-^To,2e = . (B.5) 
Let us next impose the following projection on e: 

roi2e = -e. (B.6) 

Notice that, as Fn is defined as: 

Til = Toi-g 5 (B-7) 
the two matrices appearing on (IB.SP are related, namely: 

Tssg Til = roi2 r4567 • (B-8) 

Since r4567 e = — e (see eq. (1B.4P ). one has that the projection (1B.6P implies that: 

r389 riie = e. (B.9) 

Using these projections, the dilatino equation becomes the following first-order differential 
equation: 

0' = - ^ /i-i ( - 277 e-^^ ) - ^ K h"^ . (B.IO) 
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The variation of the components of the gravitino along the Minkowski directions leads to 
the equations: 



/i2 drrt^e ^ r^3 e - - 



k 



^2/ 



r^^sToiae = . (B.ll) 



When the projection (]B.6P is imposed, (]B.11|) can be solved by means of a spinor which does 
not depend on the cartesian coordinates x'^. Indeed, if dxt^ e = eq. (IB.lip leads to the 
following differential equation for h\ 



2 ^ 



2r/e^2^) - e^Khi . 



(B.12) 



Let us now consider the equation obtained from the SUSY variation of the component of 
the gravitino along the direction 4. After using the projections ( ]B.4I) and imposing that the 
spinor does not depend on the internal coordinates, one arrives at the following equation: 

{h' + 4hf')e + 4/16-2^+^13458 6 - ^h-^ e'^ (^ke-^^ + 2hK^ Tqis e = . (B.13) 
In order to solve this equation, let us impose a new projection: 

r3458 e = -e. (B.14) 
Using this projection, together with the one in (lB.6p . leads to the differential equation: 

(B.15) 

By combining eqs. flB.12p and flB.lSP one can easily prove that: 



h' + Ahf = --hie^e-'^^ - e^Khi + 4/ie-2/+s 
2 



-2/+5 



(B.16) 



Let us next consider the equation obtained from dip^ = 0. Again, after imposing (IB.4P and 
the independence of the spinor on the internal coordinates, one arrives at: 

{h' + 4hg')e + 4h{e-^ - e-'^+^)Tu58e + 



+ -hie^ {2krie-^^ + ke''^^ - 2Kh)Toi2e = . 



By using again the projections (]B.6|) and (]B.14p . we get: 



h' + Ahg' = |e*/it + 27]e~^f) - K + Ah{e-^ - e'^^^^) 



(B.17) 



(B.18) 
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Eliminating h' from (1B.12P we arrive at: 

g' = ^e'^h--^r]e-^f + - e'^^+f . (B.19) 

Let us finally analyze the supersymmetry variation of the gravitino component along the 
radial direction. After imposing (1B.4P one arrives at the following equation: 

= -^e*/itirroi2e . (B.20) 
o 

This equation can be easily integrated. First of all we impose f lB.6p . Secondly, as shown in 
section 13.11 from the equations derived above the function K can be written in terms of 
and h as in (I3.22p and one can show that: 

e^hi K = -^\og(^e^hi^ . (B.21) 
Therefore, the Killing spinor equation (]B.20p can be integrated as: 



e = /i-8 eg , (B.22) 

where eo is a constant spinor satisfying the same projections as e. 

Eqs. fiRTOl) . flRT2l) . fiRlHl) and flRl9l) constitute the system of first-order BPS equa- 
tions fl5.19p . They have been obtained by imposing the projections (13.121) and ensure the 
preservation of two supercharges, both in the unflavored and flavored theories. As we will 
show in the next subsection, the actual number of supersymmetries is increased for certain 
particular solutions of the BPS equations due to the fact that some of the projections which 
are imposed in the generic case are not needed in these special solutions. In particular, for 
the case of AdS solutions of sections 13^ and ISTTl the projection (IB.6P is not needed and there 
are four Killing spinors (as it corresponds to M = 1 superconformal supersymmetry in three 
dimensions). Moreover, for the unflavored ABJM solution one can solve the BPS equations 
without imposing any of the projections written in (I3.12p and, after a detailed study, one 
can show that there are 24 Killing spinors, as it corresponds to A/" = 6 in 3d. 

B.l SUSY for the Anti-de Sitter solutions 

Let us consider the particular solution of the BPS equations which leads to the AdS4, metric. 
Since the dilaton (p is constant in this case, it follows from fIB.lOp that the following relation 
holds: 

2r^e-2/ - = ^ . (B.23) 



Actually, by using ( IB.23P and (IB.SP one can show that (IB.SP is satisfled by imposing only 



the projections (IB.4p . without requiring the condition (IB.6p . Moreover, by plugging (IB.23P 
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into (IB. lip one gets: 



d..e = \ h-ih'V^;t - ^/i^e'^Kr^aToiae . (B.24) 

o 



Furthermore, when is constant (IB.2ip can be used to relate K to h' . This relation can be 
written as: 

e'f'K = ~ h'H' . (B.25) 



By eliminating K on the right-hand side of flB.24p . one gets: 

d..e = l h-l h' r,,3 ( 1 + roi2 ) e . (B.26) 

o 

Since for these solutions h = L^/r^, where L is the AdS^ radius, we can rewrite (]B.26p as: 

d,.e = -^r^3(l + roi2)e . (B.27) 

We can now combine this equation with (IB.20p to obtain the dependence of the Killing 
spinors on the AdS4, coordinates. Indeed, by using ( 1B.25P in (1B.20P it is straightforward to 
prove that: 

= Toiae . (B.28) 
2r 

It is now easy to integrate (1B.27P and (1B.28P following ^47j|. One gets: 

e = (l + ^x^^TsT,{l + Tois ) ) eo , (B.29) 

where eo is a constant spinor satisfying the projection conditions (]B.4p . Notice that the 
spinors e in f lB.29P with roi2eo = — satisfy ( 1B.6P and are independent of the cartesian 
coordinates. On the contrary, if we choose an eo such that roi2eo = ^O; the resulting Killing 
spinors e do depend on the cartesian coordinates and do not have a well-defined eigenvalue of 
roi2- Moreover, since for these AdS solutions h' + 4hf' = h' + Ahg' = 0, one can easily verify 
that the equations obtained from the variation of the gravitino along the internal directions 
{i.e. eqs. (IB.ISP and (1B.17P ) are satisfied if the following projection: 

roi2 r3458 e = e , (B.30) 

is imposed on e. Notice that the matrix on the left-hand side of flB.30p commutes with the 
one multiplying the constant spinor eo in (lB.29p . Thus, eo must also satisfy (1B.30P and these 
AdS backgrounds preserve four supercharg claimed. 

Interestingly, the BPS equations for the AdS solutions can be recast as the ones corre- 
sponding to a compactification with fluxes in an internal manifold with an SU (3)-structure 
(see |18] for a review). To verify this fact, let us define the fundamental two-form J' as: 

J = h'le'^f (e^ Ae^ + A e*^ + A ) , (B.31) 
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where the one-forms e^, ■ ■ ■ are the ones written in (lB.2p . Moreover, let Qhoi be the 
holomorphic three-form defined as: 



One can check that these forms satisfy: 



(B.32) 



hoi 



-W1JAJ-W2AJ 



(B.33) 



where Wi and W2 are the so-called torsion classes which, for our solutions with = e-^/y^, 
are given by: 



2 q + 1 
3 



3 ^/q 



(B.34) 



Notice that, in terms of the one-forms in (]B.2I) . our ansatz fl5.6p for F2 can be written as: 



(B.35) 



Then, one can check that, if the squashing factors q and rj are related as in (16.11) . the two- form 
F2 is also given in terms of the torsion classes and of the fundamental form by: 



3-q 



7] k 



■{mAj) 



(B.36) 



where the Wj are given in ( IB. 341) and denotes the Hodge dual with respect to the six- 
dimensional internal metric e^-^ ( {^^Y + ■ ■ ■ + {e^Y )• 



B.2 SUSY for the unflavored ABJM solution 

For the ABJM unflavored solution the squashing factors q and rj are equal to one. Moreover, 
it follows from (13.351) and (13.361) that Khe^^ = 3k/2 in this case and one can easily verify 
that the projections flB.4l) are not needed to solve the dilatino equation 6X = 0. Indeed, it is 
straightforward to show from ( IB. 31) that the equation for the SUSY variation of the dilatino 
leads to: 

e = (r475e — Fsesg — r4789 ) e . (B.37) 

In order to study the solutions of this equation let us work on a representation of the 
Dirac algebra in which the spinors are characterized by their ±1 eigenvalue of the following 
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complete commuting set of matrices: {Fqi , iT23 , iT^^ , iT^Q , iTgg}. In this representation 
the matrices on the right-hand side of (IB. 3 71) will also act diagonally. Let us parametrize 
their eigenvalues as: 

r4756 e = sie , Fsesge = ^26, r4789 e = -siS2e . (B.38) 

One immediately shows that (IB. 371) is equivalent to the following condition on si and S2'- 

S1-S2 + S1S2 = 1 . (B.39) 

Since only three of the four possible values of (si,S2) satisfy (]B.39p . the projection ( 1B.37|) 
preserves 3/4 of the supercharges, i.e. 24 of them. This is, indeed, the amount of super- 
symmetry of an A/" = 6 supersymmetric theory in 3d. Moreover, one can show that the 
remaining equations for e can also be solved without imposing any additional projection. 



C A consistent truncation 

Let us see that there exists a consistent truncation of the reduced unfiavored BPS system 
f l3.29p that allows to find some non-trivial solutions. In these truncations E and A are related 
as: 

= Ae-^ , (C.l) 

with A being a constant. To have a natural interpretation of this truncation, let us look at 
the metric obtained after uplifting to eleven dimensions. This metric is given by ( lA.ll) . For 
our explicit ansatz f l3.ip - fl3.2p the uplifted eleven-dimensional metric has the form: 

dsl^ = h'^ dxl2 + dr^ + e^^ dsl^ + 



{E^f + {E^f + (rfxn-Ai)^ . (C.2) 



Notice that the relative coefficient between the U{1) fiber and the E^E"^ parts of ds\^ (the 
last two terms in (IC.2P ) is given by e^*^ e~^^ = e^^"*"^^, which is constant if the truncation 
condition (IC.ip holds. Therefore, when (IC.ip is satisfied these two parts of the metric can 
give rise to the metric of a three sphere. 

Substituting the relation fIC.ip on the right-hand side of the system (I3.29p . we get the 
following two equations: 

J] _ ^ 3A;yl ^^ _^ kA 



_ , e — — e 

4 y 4 



2-^)e-^ - (l + ^)e^ . (C.3) 



4 / V 4 
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The truncation condition (IC.ip implies that S = —A which in turn leads to: 

M + i)(e-A_e^) =0, (C.4) 



There are two possible ways to solve (]C.4p . The first one is by imposing that = e ^ 



which would lead to e^^ = 1 or A = 0. This solution with constant squashing corresponds 
to the unflavored AB JM solution described in section [21 Indeed, from (IC.ll) it follows that 
S is constant and, by taking A = A = S = Oin flC.3|) one discovers that A = 2/k = for 
this solution. Notice that this implies that k must be positive in this case. 
The other possibility to solve ( 10.40 consists in taking kA = —2, namely: 

A = -l, (C.5) 

which implies that 

e^ = -^e"^. (C.6) 
k 

Notice that k must be negative in this case. In this solution the squashing can vary with the 
radial coordinate. To continue with the analysis of this case it is much more convenient to 
come back to the original system fl3.2ip in terms of the radial variable r and the functions 
A, / and g. Actually, from the definitions of E and A, the truncation f lC.6p is equivalent to: 

= -le^ . (C.7) 
k 



After using flC.7p . the equations for / and g in fl3.2ip become: 



■'2 2 ' 

g' = -2ef~2/ + . (C.8) 
It follows by combining these equations that: 

which can be immediately integrated, namely: 

= 3r + c , (C.IO) 

with c being a constant. Let us use this result in the equation for g' in ( IC.Sp . If we define: 



l/ = e^ (C.ll) 
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then, the equation for y is: 



y' + 



y = 1. 



(C.12) 



3r + c ' 

By using the method of variation of constants, we get the general solution of ( 1C.12I) . namely: 



3 / Cx 3 
y = _ (r + -) + - 

^ 5 ^ 3^ 5 



r + 



2 1 
3 



with a being a constant. By defining a new constant h as: 



33 a 



we get the following solution for / and g: 

(3r + cf 



.29 



(3r + c) 
25~~ 



1 + 



1 + 



(3r + c 
6 

(3r + c' 



5 

3 -I 



Let us rewrite this solution in terms of the new radial variable p defined as: 

3p = 3r + c . 

Introducing a new constant fi, related to b and a as: 



5 

/X3 



3t 



a 
5 



the functions / and g can be written as: 



=2/ 



9 



1 - 



/i\3 
P 



=29 



25 



1 - 



yU\ 3 



The squashing corresponding to this solution is: 



„2A 



5 ) 
3 



(C.13) 



(C.14) 



(C.15) 



(C.16) 



(C.17) 



(C.18) 



(C.19) 



which varies with the radial coordinate except when the constant /i is chosen to vanish. In 
this last case one gets the gravity dual of the = 1 model [15] with squashed CP^ and 
S0{5) X f/(l) global symmetry (see below). Notice that, in this variable p, the function A 
is given by: 



6 

5\k\ 



P 



1 - 



p\-i 
P 



(C.20) 
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where we have taken into account that k should be negative for this solution and that 
\k\ = —k. Let us now compute the warp factor h from the integral (13.251) . Let us express 
the result in terms of the quantity R defined as: 

(C.21) 



R" 
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\k\/3 . 



By using the relation /3 
group as: 



one can express R in terms of the rank of the gauge 



2^5^ 



R' 



■Tc^Nlkl 



From fl3.25p one can now compute the warp factor h. One gets: 



hip) 



27 R^ 
loo "P" 



P 



1 - (1)^ 



(C.22) 



(C.23) 



where po is a constant that should be determined. The dilaton (p for this solution can be 
obtained simply from the relation e"^ = e^hi, which follows from the definition of A in 
(I3.19p . Similarly, the function K which parametrizes the RR four- form F4 can be obtained 
from fl3.6D. 



C.l AdS solution with squashing 

Let us consider now the squashed solution obtained above in the case in which the constant 
ji vanishes. It follows from ( IC.19|) that e^^ = 5 and that the functions / and g are given by: 

The integral flC.23P giving the warp factor can be straightforwardly computed. If one chooses 
Po = —00, one ends up with the result: 

where R has been defined in (lC.2ip . Moreover, the dilaton is constant with this election of 
Po and given by: 

'"-If- f^-^^' 

Let us now write the metric corresponding to this solution. By rescaling the Minkowski 
coordinates as = Xx'^ one can show that the coordinates and r parametrize and AdS^ 
space. The value of A that one has to choose is: 
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In order to have an interpretation of the parameter R, let us look at our solution uplifted 
to M-theory. By using eq. (1C.2I) and redefining the coordinate xu as in (1A.4I) . we get: 



'^"5 11 = dsj^^g^ + R 



(C.2^ 



where the one-form has been defined in (lA.Sp . The metric (]C.28P corresponds to a space 
which is the product of AdS^ with radius R/2 and the quotient with being the 

squashed seven-sphere with metric 



/Zk 



4 



9 



25 



(C.29) 



where the cj* are the one- forms defined in flA.Qp . The resulting ten-dimensional metric takes 
the form: 

as^Q — Lj aSj^^g^ 25 cp^ ' 
where ds^^ is the metric of a squashed CP^, given by: 



and the Anti-de-Sitter radius L is given by: 



9 _ 250 2 ^ 

400 ~ 243 ^ 



The RR four-form F4 for this solution is given by: 



(C.30) 



(C.31: 



(C.32) 



257r /lO / ,, , 2 ^ 
.\k\N] VL 

18 V 3 



AdS4, 



(C.33) 



As an application of the results found above, let us compute the conformal dimension of the 
gauge dual of a DO-brane. First of all we notice that the string coupling constant in this 
squashed case is given by: 

^. = e^ = 2v/^[^^]\ (C.34) 

Using this result we can compute the conformal dimension of the DO-brane by means of the 
formula /S.do = LrriDo = L/qs- One gets: 

5 



Ado = 77 1^1 
o 



(C.35) 



which suggests that the some of the scalar bifundamental fields have dimension 5/6 in this 
case. 
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D Kappa symmetry 

Let us consider a flavor D6-brane embedded in the ten-dimensional background ( I3.ip and 
let us choose the following set of worldvolume coordinates: 

C = {x^,r,^,^,^) . (D.l) 

The embedding is then defined by the equations: 

9 ,1^ = constant , 9 = 9{r) . (D.2) 

We want to determine, by using kappa symmetry, the function 9{r) that makes the embedding 
supersymmetric. First of all we compute the puUback of the frame one-forms: 

1 1 2 1 
= h~i dx^ , = hi dr , = — /i* e-^ df , 

' ' ]_ _|_ £2 ^ ' 

= , = — ^— h^e^ sm9 d-ib , e' = ^— cos9d'ib , 

e^ = h^e39'dr, = sui9 i^dip - ^^^^d^jj . (D.3) 

The induced gamma matrices are: 



7^ = Y^^^^^ si^^ [^6 - cot^Tr - ee^'^Tg] , 7^ = /i^ sin Tg . (D 

Let 7* be the antisymmetrized product of all induced gamma matrices, namely: 

In terms of the flat lOd Dirac matrices 7=,, is: 

7* = (i^^^2)2 h'^e^f+nsm9f Tou + 9' Ts) T, (^T, - cot^^r^jlg . (D.6) 

Notice that the kappa symmetry matrix F^^ is just: 

1 



a/— det g 



7* , (D.7) 



where g is the induced metric on the worldvolume. With our notations the supersymmetric 
embeddings are those that satisfy F^ e = — e. Using the projection Foi2e = — e (see eq. 
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(1B.6P ). one obtains that 7=,, acts on the Kilhng spinors as: 

7*e = 



r3469 e - cot 9 r3479 e + 6^ 6*' 18469 6 + 6^ 6^' COt 9 T f^^jg 6 

From the projections satisfied by the Kilhng spinors it follows that: 

r3469 e = — r8479 e = e , 1^3479 ^ = r8479e = — r38 e . 

Therefore: 



(D.8) 



7*e 



2^ 



I + e^ff coi9 + ( cot 9 - e^ff) V^^ 



e . 



(D.9) 



(D.IO) 



In order to fulfill the condition e = — e we should require that the terms not containing 
the unit matrix vanish. Thus, we are led to the following differential equation for 9{r): 



d9 
dr 



cot 9 



(D.li: 



The induced metric for an embedding like the one in our ansatz is given by: 



h-h [dx^f + ( 1 + ( ^' )2 ) {^drf + — {d^f + 

(1 + 4) 

e'-f f + h'^e'^ sin' 9 (^dif - y^#)' ' 



(D.12) 



whose determinant is just: 

a/— det g 



2i 



I \2 



If the BPS equation (ID.lip holds, the determinant of the induced metric becomes: 



(D.13) 



V-det 



9\ BPS 



2e 



2^2 



Therefore, we have: 



\BPS 



sin 9 



9' cot 9 



(D.14) 



(D.15) 



which proves the supersymmetric character of the embeddings satisfying (ID.lip . 
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Let us now integrate the BPS equation (ID. lip . The integration of this equation is imme- 
diate, namely: 

log ( cos 6*) = - j e'^^""^ dz + constant . (D.16) 



This result can be rewritten as: 



cos^^ = C exp 



(D.17) 



where C is a constant. Let us suppose that the function g is given by: 



= {. (D.18) 



with h being a positive constant. This is the form of for the different AdS^ solutions (see, 
for example, fl6.8p ). Using this expression of in fID.lTp and defining r,,, as C = r^, one gets: 



cos0=(^)\ (D.19) 

Notice that r^, is the minimal value of the coordinate r (which occurs at 6' = 0) and that 
9 ^ 71/2 when r — t- oo. Moreover, when r^, = 0, which corresponds to the massless case, the 
angle 6 takes the constant value 6 = 7r/2. 

In the unfiavored ABJM case, the constant b is equal to one and the embedding is given 
by: 

cose = — . (D.20) 
r 

Furthermore, in the squashed ABJM model & = 5/3 and 6{r) is: 

, 5 



cose=[f). (D.21) 
D.l Equations of motion of the probe 

The dynamics of the D6-brane probe is governed by the DBl+WZ action. The first of these 
two terms is given by: 

Sdbi = -Td, J V-det^ rf^C • (D-22) 

For our ansatz, the determinant of the induced metric has been computed in ( ID. 131) . Let us 
integrate over the coordinates ^, ip and (p. This integration generates the following constant 
multiplicative factor: 



2^ 



:i+e 



2^2 



47r r2n 



d^ # / dip = Svr^ . (D.23) 
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Therefore, the DBI lagrangian density in the remaining coordinates is given by: 



DBI 



57r 



2 Tfl^e-'^/i 3 6^^+3 sine x/lT^HO^ 



g/ ^2 



Let us next consider the WZ term of the action, which is given by: 



^1 



WZ 



(D.24) 



(D.25) 



with C*7 being the puUback of the RR seven-form potential of Fg = —*F2 {i.e. Fq = dC-j). It 
is clear from the calibration condition fl3.18p that K, provides such a potential, namely one 
can choose Cj as: 

= e"* /C . (D.26) 

Thus, the WZ action takes the form: 



WZ 



Da 



(D.27) 



By looking at the expression of the calibration form K, in (13.151) and the pullbacks of the basis 
one- forms in (ID.Sp . one easily concludes that only the terms with e^^^^ and contribute. 
The result for /C is the following: 



/C 



h\e^f+^ sine 



sine + coseef e' 



Integrating again over ^, -ip and 99, we get the following WZ lagrangian density: 

sine + cosee^e' 



= ST^^TD.e-^h^e^f-^^ sine 
Thus, the total lagrangian density is: 
C = -87r^TD,e-'^h'^e^^+^ sine 



sine + cos 9 9' 



(D.28) 



(D.29) 



(D.30) 



From this expression we compute the two derivatives that enter the equations of motion of 
the probe, namely: 

dC 



o9 



dC 



8n^TD,e-'^hh^f+3 gine 



cose Vr+e2^(e0^- 2 sine cose - (cos^e - sm'^9)e'^9' 
9' 



^1 + 6^9(^9'] 



— cosee^ 



(D.31) 



One can verify straightforwardly that the terms in parentheses on the right-hand side of 
f lD.3ip vanish when the BPS equation for the embedding (ID. lip holds. This shows that, 
indeed, the equations of motion of the probe are satisfied for the kappa symmetric configu- 
ration. 
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E Equations of motion 



In this appendix we write the equations of motion for the supergravity plus branes system 
and we verify that the first-order BPS system (15.1 9p imphes the second-order equations of 
motion for the different fields. In what follows we will work in Einstein frame. The total 
action is given by: 



S — SjJA + 'S'sources ; 

with the type IIA term being given by: 



(E.l) 



S 



IIA 



-g[R - 



3<li 



(E.2) 



and the source contribution is just the sum of the DBI and WZ action of the D6-branes, 
which can be written as: 



e^lC - C7] An 



(E.3) 



where the calibration form JC is given by (13.151) . with the e'^'s being the one- forms written 
in (IB. 21) multiplied by e~'^^^, as it corresponds to the Einstein frame. 

The Maxwell equations for the forms F2 and F4 derived from (IE. ID are just: 







d 62 *F. 







(E.4) 



and one can show that they are satisfied for our ansatz as a consequence of the BPS equations 
( I5.19p . Similarly, the equation for the dilaton (j) derived from (IE.2|) is just: 



d*c 



3 M 
4 



1 I 
4 



*F2 A F2 + 9 62 *F4 A F4 + ^ Td,, IC A Vl 



3 
2 



3<t> 



(E.5) 



and it is also fulfilled as a consequence of the first-order equations ( I5.19p . Let us now study 
Einstein equations, which read: 



1 ■i± 

-6 2 

4 



+ 



1 ± 

H 62 
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I T-isources 



(E.6) 



where T^^™'^'^^ is just the stress-energy tensor for the flavor branes, defined as: 



^sources 



10 "^sources 



-9 ^9 



flU 



(E.7) 
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In order to write the explicit expression of J'^°"''ces derived from (lE.7p . let us define the 
following operation for any two p- forms ^(p) and A(p): 



1 



(E.8) 



Then, by computing explicitly the derivative of the action f lE.Sp with respect to the metric, 
one can check that: 



T-isources 



2 30 



9,u *ic^n-]^ n^'^ (*/c) 



1/pa 



(E.9) 



The different flat components of this tensor, in the basis analogue to ( ]B.2[) in Einstein frame 



are: 



00 



11 



-T22 = -T33 = k{v - 1) e-^^-^+^ /.-i 



ab 



(a,6 = 4,--- ,9) . (E.IO) 



By using these values one can verify that the Einstein equations flE.6P are indeed satisfied 
as a consequence of the first-order system ( 15.19^ . 
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